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Motivation

Invariants to geometric transformations
of 2D and 3D images
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Tensor Calculus

Tensor = multidimensional array

+ rules of multiplication
2 rules:

 Enumeration
« Sum of products (dot product)

Example: product of 2 vectors

Sum of products: (b by ... by,) = c



Tensor Calculus

Example: product of 2 vectors ab,=c;
Enumeration:
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Tensor Calculus

Example: product of 2 matrices a;b,
| enumeration, j=k sum of products, | enumeration
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Einstein Notation
Instead of

n
Cil — Zaijbjk \V/Z,]{ — 1,...,n
7=1

we write
Cik — az’jbjk

other options
vectors: a;b;, a;b;
matrices:

a;ibij, aijbji, a;jbrj, aijbik, a;jbri, a;;bre



Other Notations

Other symbols

X e X(n) %

Penrose graphical notation
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Tensors In Affine Space

Contravariant vector
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Affine transform in 2D
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Tensors In Affine Space

Contravariant tensor
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Covariant tensor
A — 1 9l oy .
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Mixed tensor
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Tensors In Affine Space

Multiplication |
Wy
a;by, = cj,
Adition

AN N
a,]-+bj—cj



Geometric Meaning

Point - contravariant vector  x* = p! 2°

Angle of straight line — covariant vector

T N O
w;x’ =0 U; = p,u

Conic section — covariant tensor

az-ja:'i:vj —+ QbZSE’Z +h =0 CALZ] — pgp%ao‘ﬁ



Properties

Symmetric tensor
-To two Indices Qijk = Qfji

-To several indices
-To all indices

Antisymmetric tensor (skew-symmetric)

-To two Indices Qi = — Ak
-To several indices
-To all indices




Other Tensor Operations

Symmetrization

_ 1
Q(ijky = @ik T Qikj + Qjki + Qjik + Qgij + Qi)

|
5 2L Migh),
peP
Alternation (antisymmetrization)
|
A3k = (awk — Uik T Ujki — Wik T Ukig — ak]@)

P = 5(Pigi — i)



Other Tensor Operations

Contraction
i i] i
gm h]gm hz’jmv hjz‘mv hkij’
Total contraction
i i Qg
App — Qyj Qg

— Affine invariant
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Unit polyvector
Also Levi-Civita symbol

Completely antisymmetric tensor
- covariant €10 o =1

- contravariant ¢!2-" = 1

e 0 1
n=2: 10



Unit polyvector

n:3: Values u: Ehe Levi-Civita symbol nn com pOnentS
1= 1 2 3
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— :
note: vector cross product g’ x b = ¢;;.a’b*



Affine Invariants
* Products with total contraction
aijkbijk
 Using unit polyvectors
alJkptmne. F€LEMN

ik bémn 62’6 € im Ekn



Example - moments
2D Moment tensor
Mttt — f f e Zl?i”"f(ajl, le2) dr! dr2

— o0 —O0

N fiviorein m,, if pindices equals 1
and ¢ indices equals 2

Geometric moment N
Mpg = f f Pyl f(z,y)dxdy
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Example - moments

Relative oriented contravariant tensor
with weight -1
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Example - moments
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Example — 3D moments

) [2'1@'2...% _
o0 00 00

= [ [ [ a"z2. - % f(al 24 2°) dat da® d2?

—0 —00 —O&O

11 ALkl A rmn _
MY M™ M™ €pm€iin =
= 6(mapommo20mo02 + 2Mi10Mi01M011—
) ) )
—TMig00Miy — M20MM ] — MMM



Invariants to other transformations

 Non-linear transforms

Jacobl matrix

0g'(z',2?) dg'(z',x?)
A = Oxl Ox?

0g*(z'2*) 0g*(a!,2”)
Oxl Ox?




Invariants to other transformations

* Projective transform
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Rotation Invariants

 Cartesian tensors

Affine tensor

/\/817/827"‘7ﬁ7“2 /81 /62 . . 7’7"1 j17j27"'7j7"2
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Cartesian tensor
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Orthonormal matrix Pij = ( sinf cos B



Cartesian Tensors

* Rotation invariants by total contraction

a;i;kijk



Rotation Invariants
M;; —
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Rotation Invariants
My;M;; —
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Rotation Invariants
MiijkMki —
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Alternative Methods

* Method of geometric primitives

O 0

f f (37192—$2y1)2f(371,yl)f($2,y2)

— OO — OO

dzdydzodys

 Solution of Equations

Transformation decomposition
System of linear equations for
unknown coefficients



Alternative Methods

« Complex moments
00 27

2D:Cpy = [ [ rPrele 0 f(r, 0)drdd
0

0
3D:cg’}:()fof{7“5“Y€m(z9, o) f(r, 9, p)drdidye

« Normalization

Transformation decomposition



Thank you for your attention



